We investigate the angle-resolved photoelectron spectra from laser-assisted photoionization for helium and neon atoms using an ab initio method base on time-dependent surface flux and configuration interaction singles. We find that the shape of the distributions can be interpreted using a propensity rule, an intrinsic difference in the absorption and emission processes, as well as interference effects between multiple paths to the final angular momentum state. In neon we find that the difference between absorption and emission is hidden in the first sideband due to the multiple competing m channels. Together, this aids the understanding of the formation of minima in the angular distributions, which can be transferred to an improved understanding on photoionization time delays in attosecond science.
I. INTRODUCTION
Photoionization is a fundamental process in nature where absorption of a photon by an atom leads to the emission of a photoelectron and to the creation of a positive ion: A + γ → A + + e − . The photoelectric effect is possible only when the energy of the photon, ω, is sufficiently large to overcome the electron binding energy of the atom, I p . Although the process is explained qualitatively as a one-electron transition from an occupied atomic orbital to a continuum of states, the quantitative photoionization rates are affected by electron-electron correlation effects in the atom, as evidenced in works based on many-body perturbation theory [1] [2] [3] . Given photons with a wavelength that is larger than the size of the atom, a 0 = 5.29 × 10 −11 m, the electronic transitions can be simplified to follow the dipole selection rules, where the angular momentum of the electron must change by one unit: ∆ = ±1. This reduces the complexity of the problem to a finite set of continua that can be reached by the photoelectron. As a complement to the dipole selection rules, Fano proposed a propensity rule, which states that absorption of light favours increasing the electron angular momentum, → + 1, over decreasing the angular momentum, → − 1 [4] . This simple rule explains why in neon the probability to reach the d-wave from the initial 2p orbital is larger than the probability to reach the s-wave. As with most simple rules, there are also some notable exceptions, e.g. in photoionization from 3p orbital in argon in the vicinity of the Cooper minimum, where the d-wave contribution becomes very small due to a vanishing dipole element for the transition [5] .
In recent years, novel light sources have made it possible to study light-matter interactions in more extreme conditions where the atoms are subject to more intense short-wavelength fields [6] , multi-color fields [7] [8] [9] and short pulses with duration on the femtosecond and attosecond time scale [10] . One class of problems that has attracted attention is laser-assisted photoionization, where an atom is photoionized using radiation of short wavelength, typically extreme ultraviolet radiation (XUV), but with an additional long-wavelength laser field, typically in the infrared range (IR), which dresses the atom: A + γ XUV ± qγ IR → A + + e − . In this case, the electron is ionized by the XUV field and then subsequently interacts with the IR field leading to laser-driven continuum-continuum transitions. Again all transitions follow the dipole selection rules, but the strength of the laser field can be made large to study quasi-classical electron trajectories and quantum interference effects [11, 12] . In the multi-cycle pulse limit, the resulting photoelectron angle-resolved spectrum includes a main peak at an energy given by the XUV photoelectric effect and a number of sideband peaks due to the increasing number of interactions with the IR field: E kin = ω XUV ± q ω IR − I p . In the case where the IR field is weak, the strength of the sidebands decreases with each order as expected from perturbation theory with a probability determined by the intensity power law in atomic units:
Laser-assisted photoionization has been studied analytically using time-dependent Volkov states, which by their closed-form solution allow for efficient calculations of cross-sections for laser-assisted scattering and ionization [13] [14] [15] . More accurate numerical studies have been performed by perturbation theory within the single-active electron (SAE) approximation [16, 17] and by many-body perturbation theory at the level of one-photon Random Phase Approximation with Exchange (RPAE) with uncorrelated continuum-continuum transitions for closed shell atoms [18] and for photodetachment of negative ions [19] . Recently, a gauge-invariant two-photon RPAE approach has been demonstrated [20] . Numerical simulations have also been performed in the time domain within the SAE [21] [22] [23] [24] , for helium [25] and many-electron atoms, e.g. neon by R-matrix theory [26, 27] and argon by Density Functional Theory (DFT) [28] . Many-electron correlations in nonlinear photoionization has also been studied by timedependent theories based on Configuration Interaction Singles (CIS) [29] and Multi-Configuration Self-Consistent Fields (MCSCF) [30] . Laser-assisted photoionization is an important process in attosecond science, where it is at the core of both pulse character-ization techniques using the RABBIT technique [31] and for measurement of atomic delays in photoionization [32, 33] . Recently, atomic delay measurements have been performed with angular resolution [34] [35] [36] . This has evidenced that subtle differences in absorption and emission processes in the continuumcontinuum transitions can lead to a strong dependency on the atomic delay with angle of emission, incomplete quantum interference in RABBIT measurements and to qualitatively different angular distributions of photoelectrons, as explained by Busto et al. by extending Fano's propensity rule to continuumcontinuum transitions [35] .
In this paper, we perform ab-initio simulations of laser-assisted photoionization by propagating the Time-Dependent Schrödinger Equation (TDSE) within the Configuration Interaction Singles approximation (TDCIS) [37, 38] . This allows us to examine the angular distributions and propensity rules in laserassisted photoionization of helium and neon atoms for both the first sideband and higher-order sidebands generated by absorption of multiple IR photons. We find different angular distributions formed by absorption and emission processes in the continuum, and we are able to verify that the propensity rules can be extended to higher-order continuum-continuum transitions driven by the IR field. The paper is structured as follows. In Section II, our method is described along the relevant laser parameters. In Section III, we present our results of the numerical simulations. Finally, in Section V, we draw conclusions of the presented data and discuss potential topics for future studies. Atomic units ( = e = m e = 4πε 0 = 1) are used through out this paper if not specifically stated.
II. METHOD
In this section we describe our method to compute laser-assisted photoionization from closed-shell atoms. In part A we describe the vector potential used to model the electromagnetic fields, in part B we review the TDCIS ansatz, in part C we present details of our t-SURFF implementation and in part D we give some more details on our numerical implementation.
A. Field description
The numerical experiments are carried out with Gaussian XUV-and IR-pulses, linearly polarized along the quantization axisẑ, that are overlapped in time and defined by a vector potential given by
where A XUV 0 = 0.005 a.u. and A IR 0 = 0.003 a.u. which yields an peak intensity of the IR pulse of 5.6 × 10 9 W/cm 2 . The duration of the pulses is given by τ = 410 a.u. ≈ 10 fs and the frequency of the IR-field is given by ω IR ≈ 1.55 eV to match a Ti-Saph. laser system.
B. TDCIS ansatz
The TDCIS ansatz [37] for the many electron wave function is
where |Φ 0 is the Hartree-Fock ground state and the singly excited states |Φ p a are constructed using the framework of second quantization,
whereĉ † pσ creates an electron in the virtual (exc) orbital p with spin σ, |φ pσ , whileĉ aσ creates a hole in the initially occupied (occ) orbital a with spin σ, |ϕ aσ . The ansatz in Eq. (3) assures that the spin singlet state character of the closed-shell initial state is maintained also for excited states. Similarly, we adopt the gerade formulation of TDCIS to make full use of the symmetry in magnetic quantum numbers, m p = m a , for linearly polarized fields [39] . In TDCIS the time dependence is found only in the complex amplitudes, α 0 (t) and α p a (t), and the static orbitals are found by solving the mean-field HF problem without fields present. The time evolution of the complex amplitudes is found by projecting the ansatz in Eq. (2) onto the TDSE with a laser-interaction Hamiltonian, as shown in Ref. [38, 39] . Here, we consider lightmatter interaction within the dipole approximation given by V I (t) = A z (t)p z , where E z (t) = −∂A z (t)/∂t is the electric field with linear polarization along thê z-direction. The choice of helium and neon is done on the basis of their different initial angular momentum state and hence their difference in the accessible continuum-state after the absorption of one XUVphoton. In addition, both helium and neon are welldescribed by the truncated basis of the TDCIS theory.
C. Implementation of t-SURFF with TDCIS
Within TDCIS theory, the excited many-body state can be expressed as one-electron time-dependent orbitals [37] ,
associated with each created hole, a. The timedependent orbitals can also be expanded as
where p runs over all possible angular momenta attainable by the electron. The t-SURFF method relies on knowledge of the photoelectron wavefunction, χ a (r c , t), at a given radius, r c < r ecs , at all times, t, and then makes use of the approximate Volkov states to account of field-induced dynamics of the photoelectron beyond r c [40] . We use a modified Volkov Hamiltonian,Ĥ
wherep 2 = −∇ 2 andp z = −i∂/∂z, to model the dynamics of the time-dependent orbital in the region far from the ion, where Coulomb interactions can be neglected. The energy of the photoelectron depends on the binding energy of orbital a in accordance with Koopman's theorem, I p = −ε a . The time-dependent orbitals that satisfy the TDSE with the Hamiltonian from Eq. (6) are
which are plane waves with a time-dependent phase.
The spectral amplitudes for laser-assisted photoionization are found using a complex amplitude for the overlap of time-dependent orbitals in the outer region, r > r c , using a radial Heaviside operator acting at r c ,
The complex amplitude in Eq. (8) becomes the scattering amplitude when the time is evaluated at a late hour, t = T , after which all external fields have ended and after which the photoelectron wave packet have propagated far away from the ion [40] . We obtain a final expression for the scattering coefficients in t-SURFF given by
where j (kr) is the spherical bessel function of order and j (kr) is its derivative, both evaluated at kr. Further Y ,m (Ω k ) is the spherical harmonic of order and m evaluated at angle Ω k ≡ (θ k , ϕ k ) and C m m,10 is the Clebsch-Gordan coefficient for a dipole transition. We note that the t-SURFF method is an approximate method for analysis of photoelectrons when applied to this problem with a long-range potential from the remaining ion [40] . Single or multiphoton transitions that populate Rydberg states can also be expected to cause some problems in special cases due to their large radial extent, ∼ n 2 .
The angular distribution of the photoelectron can be described by a coherent superposition of partial waves with the corresponding angular momentum given by the dipole selection rules. To find these partial wave amplitudes from the scattering amplitudes, b k,a (T ), we solve a minimization problem,
for the complex amplitudesã = {ã m }. The magnetic quantum number of the photoelectron is linked to that of the hole, m p = m a , which is typically unresolved in experiments and, therefore, should be summed over incoherently. In Eq. (10) the angular probability distribution of a peak q is computed by integrating over energy, that is
where E q is the energy at the center of the peak q, using Eq. (8) for a given final momentum of the photoelectron, k = |k| evaluated at a set of polar angles θ i .
D. Numerical implementation
Our method is similar to that of Karamatskou et al. [29] , as it combines TDCIS for closed-shell atoms [38] with the Time-Dependent Surface Flux (t-SURFF) method [40] , but our method differs in a number of ways: (i) our numerical implementation is based on B-splines [41] , (ii) we use Exterior Complex Scaling (ECS) to handle the boundary conditions of the outgoing photoelectrons [42] , (iii) our implementation of t-SURFF, Eq. (9), differs in its detailed derivation, as discussed in Appendix A.
In this work we restrict the active space configuration in energy, E p a = ε p − ε a < 30 a.u. = 816.33 eV, and use an electron angular momentum of at least = 6. We also restrict the TDCIS calculation to the outermost valence orbital in the sum over occ in Eq. (2) and, therefore, do not consider XUV-stimulated holehole transitions that can lead to further excitation of the ion within TDCIS [43] . The latter restriction implies that we consider the 1s orbital in helium, but only excitation from the 2p orbital in neon. The binding energies used are the Hartree-Fock binding energies I p = 0.918 a.u. for helium and I p = 0.850 a.u. for the 2p orbital in neon.
For the B-spline interpolation, we use 165 and 320 knotpoints in the inner region for helium and neon respectively and 30 knotpoints in the ECS region both atoms. The polynomials used are chosen to be of order 6. We use a node spacing of 0.4 a.u. and an ECS-angle of 25 degrees. The use of ECS leads to a non-Hermitian Hamiltonian, where the virtual states are exponentially damped in time by complex eigenvalues. In space the electron wavefunctions remain physical within the radius r ecs = 64 a.u. for helium and r ecs = 120 a.u. for neon. Inside the ECS region, r > r ecs , the photoelectron wavefunction is damped radially, which helps to remove nonphysical reflections from the end point of the radial knotpoint sequence. The use of ECS restricts the propagation of TDCIS to the velocity gauge.
III. RESULTS
In this section we present our results from laserassisted photoionization simulations. We present the numerically obtained angle-resolved photoelectron spectrum alongside the photoelectron angular distribution (PAD) for helium in part A and for neon in part B. We also vary the frequency of the XUVphoton, ω XUV , is varied in order to study how the PAD depends on different final kinetic energies of the photoelectron.
In Fig. 1 , the laser-assisted photoionization paths are shown for helium and neon respectively. We denote the peaks in the photoelectron angular distribution, corresponding to local maxima, as in Fig. 1 . For instance, in the +1 and -1 peaks in helium, corresponding to the absorption or emission of one IRphoton, the angular probability distribution results from a superposition of = 0 and = 2. The photoelectron alters its orbital angular momentum by plus or minus one for each interaction event with the dressing IR-field. The angle-resolved photoelectron spectrum consists of well defined peaks and The the PAD follows the shape of a superposition of spherical harmonics as indicated on the vertical energy scale in Fig 1 due to the fact that the pulse duration is larger than the IR period, τ > 2π/ω IR .
A. Helium
The obtained angle-resolved photoelectron spectrum in helium is shown in Fig. 2(a) on a logarithmic scale. The main central line corresponds to absorption of one XUV-photon and the sidebands correspond to absorption or emission of q IR-photons. Alongside the spectrum, the PAD retrieved by Eq. (11) of the absorption and emission sideband peaks are shown in Fig. 2(b) for the first absorption and emission peaks, q = ±1, and Fig. 2(c) for the second absorption and emission peaks, q = ±2. The main line peak, q = 0, is included for reference and the PAD are normalized in the sense that their largest value equals to one in order to be able to compare the shapes with the main line. In the figure, the fitted spherical harmonics using Eq. (10) are also marked on top of the PAD. The PAD shows an asymmetry between absorption and emission of IR-photons in the continuum which is expressed by the different number of minima in the sideband peaks. For example, in the first absorption and emission peaks, q = 1 and q = −1, we observe two minima and one minimum respectively.
In Fig. 3 , we present how the angular distribution depends on the XUV-photon energy for normalized first and second absorption peaks in helium. A uniform filter is applied to smoothen spurious oscillations. Each figure corresponds to multiple laser-assisted photoionization simulations with all parameters fixed except the frequency of the ionizing XUV-field. Higher up in the continuum the multiple minima of the absorption peaks tend towards the center, corresponding to an emission angle of 90 degrees. For both q = 1 and q = 2 the spread of the minima hence decreases and approaches asymptotically the location of the single minimum of the emission peaks q = −1 and q = −2 as the kinetic energy of the photoelectron increases.
B. Neon
In Fig. 4 , the obtained angle-resolved photoionization spectrum in neon is shown alongside normalized PAD of the first and second absorption and emission peaks. Again, the main line is included as reference. The fitted spherical harmonics match well with the angular distribution of the peaks of the sidebands. Contrary to helium, we now have two possible intermediate cases after absorption of an XUV-photon with = 0 and = 2. In neon we do not observe any qualitative difference in the PAD, comparing the first absorption and emission peaks, q = ±1. Both q = 1 and q = −1 show one single minimum with similar angular shape. However, in the second absorption and emission peaks, q = ±2, there is a clear difference with q = 2 showing two distinct minima and q = −2 showing a single minimum.
To complement our neon studies we also consider the isolated m-channels. Since we deal with systems of spherical symmetry, the positive m = +1 channel and the negative m = −1 channel will yield the same photoelectron angular distribution, and without loss of generality we can consider it one effective channel. We denote this channel as the gerade m = ±1 channel. The multiple m channels in neon is contrary to helium, where we only have one magnetic quantum number, m = 0. In Fig. 5 , the m angle-resolved photoelectron spectra are presented in neon on a logarithmic scale for m = 0 and m = ±1, respectively, alongside the normalized PAD of the absorption and emission peaks. For the m = 0 channel isolated, the angular distributions of q = ±1 show just a slight difference with three shallow minima in absorption and one in emission. In the m = ±1 channel on the other hand, the difference between absorption and emission is more distinct. Here, the angular distribution of q = ±1 show four and three minima respectively, including the minima at 0 and 180 degrees. In q = ±2, the difference is clear in both m = 0 and m = ±1 channels. In m = 0 we identify two peaks in the case of absorption, q = 2, and a flat bottom in the case of emission, q = −2. Although the lack of a clear minimum in q = −2, the qualitative difference in the shape of the angular distribution is clear. Likewise, in m = ±1, we identify a difference between absorption or emission of two IR-photons, q = 2 and q = −2.
In q = 2 we observe five minima compared to three minima in q = −2, including the two minima at an emission angle of 0 and 180 degrees.
In Fig. 6 , we present the normalized PAD of peaks q = 1 and q = 2 as a function of the XUV-photon energy for neon in the non-resolved m case, and the two m = 0 and m = ±1 channel cases. Again, each figure corresponds to multiple simulations, changing only the frequency of the ionizing XUV-photon. With increasing frequency of the XUV, and hence kinetic energy of the photoelectrons, the minima become more accentuated and localized in the center at an emission angle of 90 degrees for all cases.
IV. DISCUSSION
The difference of the q = 1 and q = −1 peaks in helium and neon with m = ±1 can be described by the extension of Fano's propensity rule, as given by Busto et al. [35] , which stipulates that absorption is to a higher degree linked to an increase of angular momentum than emission. At this point it should be noted that in helium, it is not more probable to increase the orbital angular momentum after absorbing one IR-photon, since the ratio at the first absorption peak is smaller than unity, but more should be viewed in a relative sense compared to emission of one IRphoton. The peaks q = ±1 in helium and neon with m = ±1 are special cases in which we know completely the angular distribution after the absorption of one XUV-photon. We can thus compare absorption and emission of one IR-photon directly in terms of a propensity rule. However, when we compare the q = ±2 peaks in helium and neon with m = ±1, we cannot rely entirely on the effect of the propensity rule to describe the angular distribution. Instead, we also need to take into consideration the two interfering paths leading to the final angular momentum, hereafter coined a diamond due to its diagrammatically convincing shape.
The resulting angular distribution is mainly described by these two features. To understand the interplay between the propensity rule and the interference effects of the diamond, we present the ratio of the complex amplitudesã ±q > , corresponding to the higher attainable angular momentum, andã ±q < , correspond- ing to the lower, for varying XUV-photon energy in helium and neon with m = ±1 in Fig. 7 . In the highenergy limit of the photoelectron, the ratio approaches asymptotically a value determined by the angular part of the dipole matrix element included in Fig. 7 as a gray dotted line. The angular dipole matrix element ratio of the upper and lower attained angular momen-tum in helium is given by
and
for the q = ±1 and q = ±2 peaks respectively. In neon, m = ±1, the ratios are
for the q = ±1 peaks and
for the q = ±2 peaks. For the q = ±1 peaks, Eq. (12) and Eq. (14), the values are close to one, and for the q = ±2 peaks, Eq. (13) and Eq. (15), the asymptotic values are close to one half since the dipole matrix elements from some to ± 1 all have comparable magnitude to the dipole matrix elements which links another to ± 1, for ≈ . In fact, the smaller the relative difference of and , the more comparable the magnitudes of the dipole matrix elements are. This explains why the asymptotic value reached at q = ±2 in neon, m = ±1, is closer to one half than the asymptotic value reach at q = ±2 in helium. Although the matrix elements in the denominator for peaks with q = ±2 are taken absolute-squared, one should not be tempted to view the effect of the diamond incoherently. In principle, there could be any phase difference between the two terms but the fact that there is a plus-sign between the two terms requires that the superposition is not only coherent but also that there is no phase difference between the two paths to the final angular momentum state. This fact that there is not a negative phase difference between different angular momentum paths can be explained by the continuum-continuum phase that they acquire in the laser-stimulated transitions [44] .
We argue that in the high-energy limit, the main feature is explained by the diamond and the propensity rule is in the margin. However, the propensity rule alone explains why there is a difference between the angular probability distributions in absorption and emission and is, although small compared to the effect of the diamond, important to explain the appearance of minima in the angular distribution. In fact, close to the ionization barrier, the propensity rule is the main component to describe the angular probability distributions of absorption and emission and not only the difference between them. The q = 2 peak in neon m = ±1 is a good example of the importance of this interplay. In the q = 2 peak in neon m = ±1, the paths of increasingdecreasing or decreasing-increasing angular momen-tum, = 1 → = 0 → = 1 and = 1 → = 2 → = 1, are individually weaker than the path of two times increasing the orbital angular momentum, = 1 → = 2 → = 3, but the constructive interference impacts the relative amount of angular momentum content heavily to favour a decrease in the high-energy limit. Contrary, for low kinetic energy of the photoelectron, absorption and emission Finally, the absence of a difference between absorption and emission in the q = 1 peak of neon, without resolution in m, in our calculations does not impose any restrictions to measure a time-delay in the photoionization but indicates that the origin of it is more deeply intertwined in the non-resolved m channel and that the angular dependency is hidden in the two effective m channels. Ivanov and Kheifets observed that the atomic delay in neon depends strongly on the m = 0 channel [45] , which was related to the occurrence of a π-shift in the absorption path but no the emission path and why this leads to strong angle-dependent delays by Busto et al. [35] . By resolving the m channels, the effect of the propensity rules is clear already at the first absorption and emission peaks. This motivates experiments with resolution of the magnetic quantum number when studying the photoionization time-delay in order to reveal hidden angular dependency.
V. CONCLUSIONS
With the TDCIS and t-SURFF approach, we are able to retrieve the photoelectron angular distribution in order to study the difference between absorption and emission of photons in the continuum. We confirm the generalization of Fano's propensity rule by extending it to include continuum-continuum absorption and emission processes and that this propensity effect is of less importance higher up in the continuum where the centrifugal potential is small compared to the kinetic energy of the photoelectron, in accordance with Busto et al. [35] . We repeat the predictions in helium for the angular dependency of the probability distribution in the event of absorption and emission of one IR-photon in the continuum, and further move forward to study the absorption and emission of two IR-photons. Further, we find that the effect of the propensity rule is accumulated, but that multiple interfering paths leading to the same angular momentum state is a stronger process for photoelectrons with high kinetic energy, which always favour a decrease in the angular momentum. While the interference effects impact the most on the angular distribution for photoelectrons with a sufficiently high kinetic energy, it is the propensity rules that lead to a difference between absorption and emission.
